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Abstract
Simultaneous excitation of low-frequency eccentric precessing mode (one-armed
p-mode) and tilt mode on tidally deformed disks is considered. If the orbit of the
secondary star is eccentric and its orbital plane is misaligned with the disk plane of the
primary, the above-mentioned two low-frequency oscillation modes are simultaneously
excited on the primary disk, the former having prograte precession and the latter
having retrograde precession. This excitation of disk oscillations is due to a wave-wave
resonant excitation process considered by Kato (2013). If parameter values relevant
to Be/X-ray binary systems are adopted, the periods of these excited oscillations are
around ten times of the orbital period of the secondary, which may be comparable
with the time scale of giant outbursts observed in Be/X-ray systems.
Key words: accretion, accretion disks — Be/X-ray binaries — instabilities —
waves
1. Introduction
Be/X-ray binaries consist of a Be star (primary) and a compact object (a neutron star
in general, secondary)(Reig 2011). In some Be/X-ray binaries the secondary is known to have
an eccentric (e 6= 0) orbit whose rotational axis is misaligned (δ 6= 0) with the spin axis of the
primary. Such a situation wil be naturally expected, since supernovae explosions leading to
Be/X-ray binaries will not be always symmetric. Be stars are rapidly rotating close to their
break-up velocity and decretion disks are formed in their equatorial plane. Since the axis of
decretion disks are misaligned with the axis of the orbital plane, the decretion disks are warped
in thier outer region so that the disk planes tend to the orbital plane of the secondary. In the
inner part of the disks, however, the disk plane is still close to the equatorial plane of the Be
stars, since the viscous timescale is shorter than the tidal timescale there (Martin et al. 2011).
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Various types of long-term variations have been observed in Be/X-ray binaries. For
example, two kinds of quasi-periodic outbursts, i.e., normal (type I) outbursts and giant (type
II) outbursts. The normal outbursts occur around periastron passage of the compact object,
and are considered to come from enhancement of mass transfer from the Be disk to the compact
secondary (Okazaki & Neguerule 2001; Neguerule & Okazaki 2001). The giant outbursts seem
to be less understood compared with the normal outbursts. However, many authors suggest
that they are due to mass transfer from the Be disk to the compact object by the latter passing
through inside the Be disk which is misaligned and warped (Martin et al. 2011; Okazaki et al.
2013; Moritani et al. 2013).
The observed secular change from Be star to Be shell star and vice-versa are also sup-
posed to be a result of variations of tilt angle of misaligned disks (Martin et al. 2011). Even in
a single Be star, so-called V/R spectrum variations have been observed, which are considered
to be due to one-armed eccentric precessing waves in disks (Okazaki 1991; see also Kato 1983).
The purpose of this paper is to deepen our understanding of the causes of long-term
variations in Be/X-ray binaries by suggesting one of possible mechanisms of long-term variations
of the disks. We have already suggested that long-term variations can be excited on tidally
deformed disks. That is, the eccentric precession mode (one-armed nearly horizontal p-mode
oscillation) and the tilt mode (one-armed vertical p-mode oscillation), both being global and
low-frequency oscillation modes, can be excited on tidally deformed disks by a wave-wave
resonant process described by Kato (2013b) (see also Kato et al. 2011, Kato 2004, 2008).1
Excitationon of the former mode (the eccentric prcession mode) comes from a resonant coupling
between the mode and a disk deformation through a high-frequency disk-oscillation mode and is
considered to be the cause of superhumps observed in dwarf novae (Lubow 1991, Kato 2013a).
Excitation of the latter mode (the tilt mode) also comes from a resonant coupling between
the mode and a disk deformation through another high-frequency disk-oscillation mode, and
is regarded as one of posible causes of negative superhumps observed in dwarf novae (Lubow
1992, Kato 2014b). Excitation of these global and low-frequency oscillation modes by the
processes mentioned above are also expected in disks of Be/X-ray binaries, and further studies
along this line will be worthwhile. The purpose of this paper, however, is to suggest an another
coupling process which can simultaneously excite both low-frequency oscillation modes; a direct
coupling between the two low-frequency modes through a disk deformation. This simultaneous
excitation of the two low-frequency oscillation modes does not always occur. A particular orbit
configuration of the secondary is required, but such configuration is expected in the cases of
Be/X-ray binaries.
The requirement is that the disks are subject to a secondary star whose orbit is eccentric
and whose orbital axis is misaligned with the spin axis of the primary. That is, although the
1 The wave-wave coupling process can be regarded as an extension of the mode-mode coupling process by
Lubow (1991).
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tidal force brings about various time- and azimuthal-dependent deformations on disks, the disks
subject to the above-mentioned secondaries have a two-armed deformation, even when time-
averaged disks are considered (see appendix 1). In other words, the time-averaged disk is not
axisymmetric. Through this two-armed pattern of deformation, the set of two low-frequency
oscillation modes (eccentric precession mode and tilt mode) are excited simultaneously. In
sections 2 and 3, the resonant conditions, and frequencies of oscillations resulting from the
resonant coupling are discussed, respectively. In section 4, numerical results are presented, and
section 5 is devoted to discussions.
2. Two Low-Frequency Oscillation Modes and Their Resonant Coupling
Let us consider axisymmetric geometrically thin disks, no radial flow being considered.
On such disks, a small amplitude oscillation is superposed whose frequency is ω and the az-
imuthal wavenumber is m. The displacement vector, associated with the oscillation is written
in the form
ξ(r, t) = ℜ
[
ξ˘(r,z)exp[i(ωt−mϕ)]
]
, (1)
where ℜ denotes the real part. Here, r is the cylindrical coordinates (r, ϕ, z), whose center is
at the disk center (this is also the center of the primary star) and the z-axis is the rotation axis
of the disk.
2.1. Eccentric precession modes (One-armed low-frequency p-mode oscillations)
We consider oscillations whose frequency is ω and whose motions are mainly parallel to
the equatorial plane (i.e., n= 0, see footnote 2 for the meaning of n= 0) (p-mode oscillations).
Their propagation region in the radial direction is then specified by (ω−mΩ)2 > κ2, 2 where
Ω(r) is the angular velocity of disk rotation on the equatorial plane and κ(r) is the radial
epicyclic frequency defined by κ2 = 2Ω(2Ω+ rdΩ/dr).
In the case of one-armed (m=1), slowly precessing p-mode oscillations, the propagation
region is given by ω < Ω−κ. In disks where tidal force dominates over pressure force, we have
Ω− κ > 0, and the difference between Ω and κ increases with increase of radius [see equation
(3)]. Hence, the propagation region of the one-armed oscillation with a given frequency ω(> 0)
(prograde) is outside the radius specified by ω= (Ω−κ)c, as is shown schematically in figure 1.
Here, the subscript c denotes the value at radius rc (capture radius) where ω=Ω−κ. Inside the
2 This can be seen from the local dispersion relation (e.g., Okazaki et al. 1987, Kato 2001)
[(ω−mΩ)2− κ2][(ω−mΩ)2−nΩ2⊥] = k
2c2s (ω−mΩ)
2,
where Ω⊥ is the vertical epicyclic frequency, n is the vertical node number of the radial component of the
displacement vector, ξr, k is the radial wavenumber of oscillations, and cs is the acoustic speed in the disks.
It is noted that the vertical component of the displacement vector, ξz , has one less vertical node number
compared with that of ξr.
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radius rc, the oscillation spatially damps. This mode is denoted hereafter mode E (eccentric
mode) and the frequency is denoted by ωE. Instead of ωE, the mode E is sometimes specified
by rc, since ωE and rc is related by ωE = (Ω−κ)c.
In order to specify oscillation modes in general, however, we need the node number in
the vertical direction, n, of the radial component, ξr(r, t), of the displacement vector, ξ(r, t).
In the present mode, the oscillations are mainly on the equatorial plane, and we take n = 0.
In summary, the mode E is specified by the set of (ωE, mE, nE) with mE = 1 and nE = 0,
where ωE = (Ω−κ)c. It is noticed that this oscillation mode is known to be the mode causing
superhumps in dwarf novae (Osaki 1985).
2.2. Tilt modes
Second, we consider one-armed (m= 1) tilt mode. In this mode the disk plane oscillates
time-periodically up and down in the vertical direction, i.e., n = 1. This mode is sometimes
called a corrugation wave (e.g., Kato 1989). The propagation region of the mode in the radial
direction is specified by ω<Ω−Ω⊥ [see from footnote 2 that (ω−mΩ)
2−Ω2⊥> 0 is propagation
regions of oscillations when Ω⊥ is larger than κ, and see from equations (3) and (5) that Ω⊥ is
always larger than κ), where Ω⊥(r) is the vertical epicyclic frequency. In general, since Ω<Ω⊥
and the difference between Ω and Ω⊥ increases with increase of r in tidally deformed disks [see
equation (5)], the tilt mode is retrograde (ω< 0) and its propagation region is inside the radius,
rt, specified by ω = (Ω−Ω⊥)t as is shown in figure 1, where the subscript denotes the value
at rt. The radius rt is a turning point separating the propagation region and the evanescent
region of oscillations. This mode is denoted hereafter mode T (tilt). This tilt mode is specified
by a set of (ωT, mT, nT) with mT = 1 and nT = 1, and ωT = (Ω−Ω⊥)t. To specify the mode,
sometimes rt is used instead of ωT, since they are related by ωT = (Ω−Ω⊥)t. It is noticed that
this tilt mode is supposed to be one of possible modes causing negative superhump in dwarf
novae.
2.3. Expressions for κ and Ω⊥
Next, we should derive detailed expressions for κ(r) and Ω⊥(r). The disks are subject
to tidal potential, ψD(r, t), of the secondary. In the cases where the orbit of the secondary is
eccentric (e 6= 0) and the axis of the orbital plane is misaligned (δ 6= 0) with the axis of the disk
plane of the primary, ψD(r, t) has various time- and azimuthal-dependences. What we need to
evaluate κ(r) and Ω⊥(r) are the time- and azimuthal-averaged part of ψ, which is denoted here
〈ψD〉ϕ,t. The force balance in the radial direction on the equatorial plane (z = 0) in averaged
disks is given by −GM/r2− (∂〈ψD〉ϕ,t/∂r)z=0+Ω
2r = 0, where the subscript z = 0 shows the
value on the equatorial plane (z = 0), and Ω is the angular velocity of disk rotation on the
equatorial plane in time- and azimuthal-averaged disks. The results concerning 〈ψD〉ϕ,t given
in appendix 1 [equation (25)] show that Ω2 on the equatorial plane is expressed as [equation
(26)]
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Fig. 1. Propagation diagram schematcally showing trapped regions of ωE and ωT oscillations on the
radius-frequency plane. The ωE oscillation is trapped bwtween rc and rD (outer edge of the disk), while
the ωT oscillation is trapped inside rt. In the lowest order of approximations the radial distributions of
Ω− κ and Ω−Ω⊥ are the same wth oppsite signs.
Ω2 = Ω2K−
GMs
2a3
[(
1+
3
2
e2
)
+
9
8
(1+ 5e2)
(
r
a
)2
+ ...
]
, (2)
where ΩK is the angular velocity of the Keplerian rotation, i.e., Ω
2
K = GM/r
3, Ms is the mass
of the secondary, and the terms up to the order of e2 and (r/a)2 are taken, a being the mean
separation distance between the primary and secondary. From this expression for Ω2 we can
derive κ2 defined by κ2 = 2Ω(2Ω+ rdΩ/dr). Then, assuming that the tidal force is weak, we
have (see appendix 1)
Ω−κ =
3
4
qΩK
(
r
a
)3[(
1+
3
2
e2
)
+
15
8
(1+ 5e2)
(
r
a
)2]
, (3)
within the same approximations mentioned above, where q is the mass ratio given by q=Ms/M
The vertical derivative of 〈ψD〉ϕ,t, i.e., ∂〈ψD〉ϕ,t/∂z, has a part which is proportional to
z, which gives the part of zΩ2⊥ resulting from the tidal force. From the results in appendix 1
we have
Ω2⊥ = Ω
2
K+
GMs
a3
[(
1+
3
2
e2
)
+
9
4
(1+ 5e2)
(
r
a
)2]
. (4)
Using this, we have
Ω−Ω⊥ =−
3
4
qΩK
(
r
a
)3[(
1+
3
2
e2
)
+
15
8
(1+ 5e2)
(
r
a
)2]
. (5)
It should be noticed that Ω−κ and Ω−Ω⊥ have the same expressions with the opposite signs
in the present order of approximations.
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3. Resonant Coupling of Two Low-Frequency Oscillations and Their Excitation
In section 2, we have discussed two low-frequency modes of oscillations. In this section
we consider first in what cases they can resonantly interact with each other through the disk
deformation, and then examine whether the resonance can excite the oscillations.
3.1. Resonant conditions
In general, three oscillation modes with frequencies ωi (where i = 1,2,3) and azimuthal
wavenumber mi (where i = 1,2,3) can have a resonant interaction when ω1+ω2+ω3 = 0 and
m1 +m2 +m3 = 0 are realized. In the present problem, we are using the subscripts E and
T for the first two oscillations, instead of 1 and 2, rspectively. As the third oscillation we
consider disk deformation, and thus we use the subscript D instead of 3. We consider the case
of ωE+ωT =0.
3 Then, ωD needs to be zero, i.e., ωD =0, for a resonance to occur. Furthermore,
since mE=1 andmT=1, mD need to be −2, i.e., mD=−2 for a resonance to occur. In addition,
the eccentric mode with frequency ωE is plane symmetric with respect to the equatorial plane,
i.e., nE = 0, while the tilt mode with ωT is asymmetric with respect to the equatorial plane,
i.e., nT = 1. Nonlinear coupling between the ωE and ωT modes thus brings about an oscillation
which is asymmetric with respect to the equatorial plane. Hence, for a coupling between the
ωE and ωT modes to occur, the motions induced by tidal force must have an asymmetric part
with respect to the equatorial plane, i.e., nD = 1. For the motions to have such asymmetric
part, the orbital plane of the secondary must be declined to the equatorial plane of disks. In
summary, for a resonance to occur, the disk deformation resulting from the tidal force must
have ωD = 0, mD =−2, and nD = 1. In other words, the issue to be addressed here is whether
there is a two-armed deformation in time-averaged disks when the disk plane and the orbital
plane are inclined.
Detailed calculations in appendix 1 show that this is really the case. That is, the time-
averaged tidal potential, 〈ψD〉t, has a term [see equation (34)]:
GMs
a
(
r
a
)315
8
e δ
z
r
sin(φA− 2ϕ), (6)
where δ is the inclination angle of the orbital plane of the secondary to the disk plane, φA the
angular distance of the periastron from the nodal point, N, along the orbit, and ϕ the azimuthal
coordinate of the observational point, P, from the nodal point, N (see figure 5). This equation
shows that in the cases where the axes of the orbital and disk planes are misaligned (i.e., δ 6=0)
and the orbit is eccentric (i.e., e 6=0), the time-averaged disk is not axisymmetric but deformed
in an two-armed form [see the term of sin(φA−2ϕ) in equation (6)], and the radial component
of ξD has a term proportioinal to z/r [see the term proportional to z/r in equation (6)]. The
latter means the presence of nT = 1.
3 In what disks ωE + ωT = 0 is realized is examined in section 4 by estimating the frequencies of trapped
oscillations.
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3.2. Excitation condition
We have shown that the eccentric mode (ωE oscillation) and the tilt mode (ωT oscillation)
can have resonant interaction in the tidally deformed disks when the axes of disk plane and
the orbital plane are misaligned and the orbit of the secondary is eccentric. Next, we should
examine whether the resonance can excite the oscillations. The excitation condition has been
examined in a general form by Kato (2013) (see also Kato et al. 2011 and preceeding work
by Kato 2004, 2008). The results show that the excitation condition has a simple form of
(EE/ωE)(ET/ωT) > 0, where EE and ET are, respectively, the wave energies of ωE and ωT
oscillations, respectively.
A general expression for wave energy is given, for example, by Kato (2001, 2014a). In the
case of oscillations in geometrically thin non-magnetized disks, the sign of the wave energy is
the same with the sign of a radial average of ω(ω−mΩ) in the radial region where the waves are
trapped (see, for example, Kato 2001). Hence, the sign of E/ω is the same as the sign of ω−mΩ
in the region where the oscillations exist predominantly. In the present problem, ωE−mEΩ< 0,
since the wave predominantly exists in the region where ω−mΩ<−κ (see the previous section
and figure 1). Similarly, ωT−mTΩ< 0, since the ωT oscillation is trapped in the region where
ω−Ω<−Ω⊥ (see figure 1). Hence, the excitation condition, (EE/ωE)/(ET/ωT)> 0, is satisfied
for the ωE and ωT oscillations under consideration.
4. A Rough Estimate of Frequencies of Trapped Oscillations
We have shown that the eccentric precession mode (ωE mode) and the tilt mode (ωT
mode) can have resonant coupling and satisfy the resonant excitation conditions. A remaining
issue is whether the condition concerning frequencies (i.e., ωE + ωT ∼ 0 or rc ∼ rt ) is really
realized within the disks. To study this problem, we must examine where the ωE and ωT
oscillations are trapped and how ωE (or rE) and ωT (or rT) depend on parameters describing
disk structure. Then, we can see in what cases rc = rt is realized.
First, we examine how ωE and ωT depend on parameters describing disk structure. To
do so we need to solve wave equations both for the eccentric precession mode and for the tilt
mode. We are satisfied here only with qualitative arguments, since the purpose of this paper is
not to carefully solve the equations. Hence, we solve the equations by the WKB method (see
e.g., Morse & Feshbach 1953 for the WKB method). Analyses in appendix 2 show that the
frequency, ωT, of the tilt mode (m = 1 and n = 1) which is trapped between ri ∼ 0 and rt is
obtained by solving∫ rt
0
2
cs
(−ωT+Ω−Ω
2
⊥)
1/2(ωT−Ω+ κ)
1/2dr = π
(
nr +
3
4
)
, (7)
where nr is the node number in the radial direction, and we take here nr=0. In writing equation
(7) we have adopted (ωT−Ω)
2−Ω2⊥∼2Ω(−ωT+Ω−Ω⊥) and (ωT−Ω)
2−κ2∼2Ω(−ωT+Ω−κ).
In calculating the integration in equation (7), we use cs = Ω⊥H , and the half disk thickness,
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Fig. 2. Dependences of rt (outer edge of trapped radius of ωT oscillation) and rc (inner edge of trapped
radius of ωE oscillation) on disk radius rD. Three cases of disk thickness, i.e., (r/H)D =10, 30, and 50 are
shown with α= 1.0, where α specifies the radial dependence of H as H ∝ rα.
Fig. 3. Dependences of rt (outer edge of trapped radius of ωT oscillation) and rc (inner edge of trapped
radius of ωE oscillation) on disk radius rD. Three cases of α, i.e., α =0.5, 1.0, and 1.5, are shown with
(r/H)D = 30.
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H , is taken to vary with radius as H ∝ rα (α being a constant). Then, since ωT is given by
ωT = (Ω−Ω⊥)t and Ω−Ω⊥ is by equation (5), equation (7) can be regarded as a relation
between rt/rD and rD/a with parameters, e (eccentricity), q(=Ms/M), (r/H)D, and α, where
Ms is the mass of the secondary, rD is the disk size and (r/H)D denotes the value of r/H at
rD. In this paper, as a typical example, we take, throughout the paper, e = 0.3 and q = 0.1,
and examine how the rt/rD – rD/a relation depends on α and (r/H)D. Results are shown in
figure 2 for three cases of (r/H)D =10, 30 and 50 with α = 1.0, and in figure 3 for two cases
of α = 0.5, and 1.5 with (r/H)D = 30. It is noted that the value of ωT is obtained from rt/rD,
since ωT = (Ω−Ω⊥)t.
In the case of one-armed eccentric precession mode (m= 1 and n= 0), we solve numer-
ically the equation of the trapping condition [see equation (45)]:
∫ rD
rc
21/2
cs
Ω1/2(−ωE+Ω−κ)
1/2dr = π
(
nr +
1
2
)
, (8)
where we have adopted (ωE−Ω)
2−κ2∼ 2Ω(−ωE+Ω−κ). As in the case of tilt mode we adopt
e= 0.3 and q = 0.1, and calculate rc/rD as functions of rD/a for some values of (r/H)D and α.
Three cases of (r/H)D = 10, 30 and 50 with α = 1.0 are shown as a part of figure 2, and two
cases of α = 0.5 and 1.5 with (r/H)D = 30 are also shown in figure 3 as a part of the figure.
Since H = cs/Ω⊥ and Ω⊥∼ΩK =(GM/r
3)1/2, we have r/H ∼ (GM/R∗)
1/2(r/R∗)
−1/2/cs,
where R∗ is the radius of the primary. If we take M = 15M⊙, R∗ = 10R⊙ and the disk tem-
perature is written as T (r), we have r/H =59× (r/R∗)
−1/2(T/104K)−1/2. Results of numerical
simulations of Be-star disks by Carciofi & Bjorkman (2006) show that in the inner region of a
typical Be-star disk, T (r) decreases outwards as T ∝ 1/r and reaches 6−8×103 K around the
radius of a few times of R∗. Then, it increases outwards and outside of ∼ 10R∗, it remains to be
roughly constant of 104 K. These results show that in the inner region of disks, r/H ∝ r0 (i.e.,
α = 1.0) and r/H ∝ 1/r1/2 (i.e., α = 1.5) in the outer region. Furthermore, if we take r = 3R∗
and T = 7× 103 K, we have r/H ∼ 41, and for r = 10R∗ and T = 10
4 K we have r/H ∼ 19. In
addition, Martin et al. (2011) mention that observations (Wood et al. 1997) give (r/H)D∼ 25.
These considerations suggests that the relevant ranges of α and (r/H)D in Be-star disks will
be α = 0.5∼ 1.5 and (H/r)D = 10∼ 50.
The case of rt = rc (i.e., the case of ωT = −ωE) is particularly of interest. If (r/H)D
and α are fixed, rt = rc is realized when the disk has a particular radius, as we can see from
figures 2 and 3. The relation between the period of ωE oscillation (which is the same with
the period of ωT oscillation with the oppposite sign) and the disk radus, rD/a, in the cases of
rc = rt are shown in figure 4 for three cases of α = 0.5, 1.0, and 1.5 by changing the value of
(r/H)D. The value of (r/H)D on the curves are shown by attaching labels. The periods are
normalized by the orbital period of the secondary in the observational frame, 2π/Ωorb, where
Ωorb = (1+ q)
1/2(GM/a3)1/2. We have adopted here period instead of frequency, since period
will be better than frequency for comparison with observations.
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Fig. 4. The oscillation period – disk radius relation in the cases where rt = rc is realized. The relation is
shown for three cases where α is fixed to 0.5, 1.0, and 1.5, and (r/H)D is changed. The value of (r/H)D
is shown by attaching on each curve.
Figure 4 shows that if the disk has α = 1.5 and (r/H)D = 50, for example, rt = rc (i.e.,
ωE =−ωT) is realized at rD/a∼ 0.7 and the period of the oscillations is ∼ 22 times the orbital
period. If the disk has α = 1.0 and (r/H)D = 30, then we have rD/a ∼ 1.0 and the period of
oscillations is around 10 times the orbital period. As an another example, if we consider a disk
with α= 1.5 and (r/H)D = 10, the resonant excitation of oscillations appears when rD/a∼ 1.4
and its frequency is about 5 times the orbital period. In general, (r/H)D and α are smaller,
then rD/a for rt = rc is larger and sometimes rD becomes larger than a.
It should be noted here that if we are interested only in the cases of ωE+ωT+ωD=0, the
disk radius, rD, required becomes larger than a for some parameter values as mentioned above
and shown in figure 4. Such disks with large radius may not be realized. However, we should
remember here that in non-pressureless disks, the resonance will not be strictly restricted only
when ωE + ωT + ωD = 0. That is, even when there is a small frequency deviation from the
condition of ωE+ωT+ωD = 0, the resonance occurs and oscillations will be excited, although
the growth rate of oscillations may be the highest around the case of ωE+ωT+ωD=0. In other
words, in real situations, especially in disks with high temperature, the resonance occurs in a
finite width in frequency space and the value of rD/a required for resonant excitation may not
be so severe as discussed above. This will be mentioned in the next section.
5. Summary and Discussion
Kato (2013b, see also Kato 2004, 2008, and Kato et al. 2011) showed that in deformed
disks a pair of trapped oscillaions which are resonantly coupled through disk deformation are
resonantly excited if (E1/ω1)(E2/ω2) > 0. Here, (ω1, E1) and (ω2, E2) represent, respectively,
the set of frequency and wave energy of each trapped oscillation. This condition of resonant
excitation of trapped oscillations in deformed disks can be extended to magnetized disks (Kato
10
2014a). We examined in this paper from the viewpoint of frequency of oscillations whether this
wave excitation process can be considered to be one of possible causes of long-term variations
observed in Be/X-ray binary systems.
In this paper we have considered resonant couplings of two low-frequency oscillation
modes (i.e., ωE oscillation mode and ωT oscillation mode) and showed that they are excited
simultaneously when the disks are subject to a secondary star with eccentric orbit whose orbital
plane is inclined from the disk plane. There are some reasons why we are interested in such
special cases in this paper. First, the cases are theoretically of interest, since oscillation modes
contributing to resonance are both low-frequency ones, different from the cases considered
before (see Introduction). Because of this difference, the resonant condition can be satisfied
only when binary systems have special configurarions. Second, different from the two cases
considered before, excitation of oscillations occur when disk radius, rD, is comparable with the
mean orbital radius of the secondary, a.
The two kinds of global, low-frequency oscillation modes in disks are i) the one-armed
p-mode oscillation (m = 1 and n = 0) with prograde precession in the azimuthal direction
(Osaki 1985, see also Kato 1983), and ii) the the tilt mode (m= 1 and n= 1) with retrograde
precession. Local frequencies of these two oscillations are the same with the opposite signs
within the approximations including the terms up to the order of e2 and the second term in
the expansion with respect to r/a [see equations (3) and (5)]. Both oscillations have the same
sign of E/ω, and thus they are excited by resonant coupling, if the disks have two-armed (i.e.,
mD = −2), steady deformation (ωD = 0). Such deformation is really expected when the orbit
of the secondary is eccentric (e 6= 0) and the orbital plane is misaligned from the disk plane
(δ 6= 0) (see appendix 1).
In Be/X-ray binaries, the misalignement will be expected since the disk around the Be
star is a decretion one. In the outer part of the disks, however, they will be warped towards the
binary orbital plane. The critical radius (tidal warp radius) where the disk is warped has been
estimated by comparing tidal torque and viscous torque by Martin et al. (2011). They show
that in the case of Be/X-ray systems with long period, the warp radius will be outside the disk.
They suggest that disks are relatively flat inside the radius, but tilted from the equator of the
Be star and precess. Although the reasons may be different, the resonant coupling processes
considered in this paper support the idea that the disks inside the tidal warp radius are tilted
and precess.
We have estimated the frequency of the excited oscillations. As is shown in figure 4, the
expected periods of such low-frequency oscillations are around ten times the orbital periods.
In Be/X-ray systems, two kinds of outbursts have been observed (e.g., Reig 2011), i.e., normal
outbursts and giant outbursts. The former is considered to be due to periastron passage of the
secondary star (Okazaki & Negueruela 2001; Negueruela & Okazaki 2001). The cause of the
latter seems to be less understoodand, but many reserachers seem to consider that it is related
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to interactions between secondary star and precessing warped or tilted disk (Martin et al. 2011;
Okazaki et al. 2013: Moritani et al. 2013). The period of low-frequency trapped oscillations
which are resonantly excited in disks by the present resonant process seems to be comparable
with the period of the giant outbursts in Be/X-ray systems.
The radius where the resonant condition rt = rc (i.e., ωE+ωT = 0) is realized, however,
seems to be large and rarther larger than a in some cases, as is shown in figure 4. Related to
this point, we should notice that the resonant excitation is not restricted only to the cases of
the exact resonance of ωE+ωT = 0 (ωD = 0 in the present problem) in high temperature disks,
although we have focused in this paper our attention only on the cases of ωE+ωT = 0. That
is, in a certain finite range of rD where ωE +ωT is slightly deviated from zero, the resonance
occurs. To understand this situation, let us remember a difference between pressureless disks
and those with finite pressure. In pressureless disks, the resonance is restricted exactly to the
case of ωE + ωT + ωD = 0, but in disks with a finite temperature, the resonance occurs even
when ωE +ωT is slightly deviated from −ωD (which is zero in the present problem). That is,
the resonant region is broadened from a point to a range in frequency space.
In the limiting case of pressureless disks, the eccentric precession mode of frequency ωE
is localized around the radius of rc, where ωE−Ω=−κ (the inner Lindblad resonance), in the
sense that outside the radius the oscillation has very short wavelength4 and will be damped by
the presence of viscosity, and inside rc the amplitude of the mode sharply decreases inwards
(evanescent region). Similarly, the tilt mode of frequency ωT is localized around the radius of
rt, since the outside of the radius is the evanescent region of the mode and inside the radius the
mode has very short wavelength. Hence, only when rc = rt, the both modes can have nonlinear
spatial interaction, and the interaction leads to resonance, since in this case ωE = −ωT and
the resonant condition, ωE +ωT+ωD = 0 is satisfied with ωD = 0. In the case where the disk
has a finite temperature, however, both ωE and ωT oscillations are not localized around rc and
rt, respectively, but their propagation regions are widened as schematically shown in figure 1.
Corresponding to this, the resonance is not restricted exactly to the case of ωE+ωT+ωD = 0
(cf., see Meyer-Vernet & Sicardy for broadening of the resonant region in the cases of disks
with a finite temperature). The growth rate of oscillations by the resonance, however, will be
high when rc = rt is realized. This is the reason why we restricted our attention, for simplicity,
to the cases of rc = rt.
Analyses of this paper are qualitative, since frequency estimate of trapped oscillations
was made by the WKB approximation with use of simplified disk models. Eccentricity of the
orbits considered is also only one case of e = 0.3. More quantitative examinations in realistic
disk models will be worthwhile. More importantly, in the case of rD∼ a, the higher order terms
neglected in this paper in expressions for Ω−κ and Ω−Ω⊥ [i.e., terms which should be in the
large brackets of equations (3) and (5), and are proportional to (r/a)4 and so on] should be
4 see the local dispersion relation of disk oscillations given in footnote 2.
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taken into account in calculations of frequencies of trapped oscillations. This may introduce
non-negligible modification of our results in this paper, and will be an important issue to be
examined in the future. In deriving detailed expressions for Ω−κ and Ω−Ω⊥, the expansion of
the tidal potential, ψD, in terms of r/D (see appendix 1) will be less proper than the expansion
using the Laplace coefficients.
Finally, we should note that in the case where the secondary has an eccentric orbit with
misaligned orbital plane, the time and azumuthally averaged tidal potential has a non-zero
component of (∂〈ψD〉t,ϕ∂z)z=0 [see equation (30)]. The cause of appearance of such term is not
clear. This might show that the disk should be warped in misaligned systems.
The author thanks A.T. Okazaki for invaluable discussions and comments on Be star
disks and Yasushi Nakao for helpful comments on computational techniques. The author also
thanks the referee for careful reading of the manuscript.
Appendix 1. Disk Deformation and Epicyclic Frequencies
We consider the tidal perturbations induced at a position P(r) on the disk of the primary
by a scondary of mass Ms. When the point P is at a distance R[= (r
2+ z2)1/2] from the center
of the primary star and the secondary star’s zenith distance observed at the point P is ϑ (see
figure 5), the tidal gravitational potential, ψD(r,t), at the point P is given by (e.g., Lamb 1924)
ψD(r, t) =−
GMs
(D2− 2RDcosϑ+R2)1/2
+
GMs
D2
R cosϑ, (9)
where D(t) is the distance between the primary and secondary stars at time t. The second
term on the right-hand side represents the potential of a uniform field of force of the secondary
star acting on the primary star.
Ristricting our attention to the cases of R/D < 1, we expand the right-hand side of
equation (9) by a power series of R/D as5
−
ψD
GMs/D
= 1+
(
R
D
)2
P2(cosϑ)+
(
R
D
)3
P3(cosϑ)+
(
R
D
)4
P4(cos ϑ) + ..., (11)
5 Equation (9) can be also expanded by using the Laplace coefficients, b
(j)
1/2, as
ψD =−
GMs
2D
j=∞∑
j=−∞
b
(j)
1/2(ζ) cos jϑ+
GMs
D
R
D
cos ϑ, (10)
where ζ ≡R/D and
1
2
b
(0)
1/2(ζ) = 1+
1
4
ζ2+
9
64
ζ4+ ..., b
(1)
1/2(ζ) = ζ +
3
8
ζ3+ ...,
b
(2)
1/2(ζ) =
3
4
ζ2+
5
16
ζ4+ ..., b
(3)
1/2(ζ) =
5
8
ζ3+ ..., b
(4)
1/2(ζ) =
35
64
ζ4+ ...
In a previous paper (Kato 2014b), we have adopted equation (9) instead of the above expressiion (10) for
ψD. Hence, we also adopt equation (9) in this paper. We can obtain the same final results even if we start
from equation (10).
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Fig. 5. Relation between disk plane and orbital plane of the secondary (duplication of figure 5 of Kato
2014b)
where P2(cosϑ) and P3(cosϑ) are the Legendre polynomials Pℓ of argument cosϑ with ℓ=2 and
ℓ = 3, respectively. Let us denote the polar coordinates of the point P by (ϕ, π/2− β) and
the position of the secondary star by (θ, π/2− γ), as shown in figure 5. It is noted that ϕ is
measured from the nodal point N . Then, a formula of the spherical trigonometry shows that
ϑ is related to them by
cosϑ= sinβ sinγ+cosβ cosγ cos(θ−ϕ). (12)
The next problem is to represent the position of the secondary star by (φ, δ) instead
of (θ, γ), where φ is the angular distance of the secondary along the orbit, measured from the
periastron, A. In this paper we consider only the cases where the misalignement between the
disk and the orbit is small, δ≪ π/2. Then, till the approximation of the order of δ2, we have
(e.g., Kato 2014b)
θ = (φ+φA), sinγ = δ sin(φ+φA), (13)
where φA is the angular position of the periastron, A, from the nodal point, N, along the orbit.
Then, P2(cos ϑ) and P3(cos ϑ) are approximated as
P2(cosϑ)∼
1
4
(1− 3 sin2β) +
3
4
δ sin2β
[
sin(2φ+2φA−ϕ) + sinϕ
]
+
3
4
cos2β cos
[
2(φ+φA−ϕ)
]
, (14)
and
P3(cosϑ)∼−
3
4
δ sin β (5 sin2β− 3) sin(φ+φA) +
1
8
(3− 15 sin2β) cosβ cos(φ+φA−ϕ)
14
+
15
8
δ sinβ cos2β
[
sin(3φ+3φA− 2ϕ)− sin(φ+φA− 2ϕ)
]
+
5
8
cos3β cos
[
3(φ+φA−ϕ)
]
. (15)
An expression for P4(cos ϕ) is omitted here, since it is somewhat lengthy.
When the orbit is eccentric, φ is not Ωorbt, but
φ= Ωorbt+2e sin(Ωorbt) +
5
4
e2sin(2Ωorbt) + .... (16)
and D also varies with time as
a
D
= 1+ e cos(Ωorbt) + e
2 cos(2Ωorbt) + ..., (17)
where a is the mean radius of the orbit and e is the eccentricity of the orbit.
After these preparation, we proceed to evaluate the time and azimuthal average of ψD
in order to calculate the horizontal and vertical epicyclic frequencies, κ(r) and Ω⊥(r). Let us
denote the azimuthal average of X by 〈X〉ϕ. Since the ϕ-dependences of ψD come only from
P2(cosϑ), P3(cosϑ), and P4(cos ϑ),..., we have
〈ψD〉ϕ=−
GMs
D
[
1+
(
R
D
)2
〈P2(cosϑ)〉ϕ+
(
R
D
)3
〈P3(cosϑ)〉ϕ+
(
R
D
)4
〈P4(cosϑ)〉ϕ+...
]
,(18)
where
〈P2(cosϑ)〉ϕ =
1
4
(1− 3sin2β), (19)
〈P3(cosϑ)〉ϕ =
3
4
δ sin β (3− 5sin2β) sin (φ+φA), (20)
〈P4(cosϑ)〉ϕ =
3
8
(
1− 5cos2β +
35
8
cos4β
)
. (21)
Next, we consider the time-average of 〈ψD〉ϕ, which is denoted 〈ψD〉ϕ,t. Equations (16)
and (17) show that
〈(
R
D
)3〉
t
=
(
R
a
)3(
1+
3
2
e2
)
, (22)
〈(
R
D
)4
sin(φ+φA)
〉
t
=
(
R
a
)4
e sin φA, (23)
〈(
R
D
)5〉
t
=
(
R
a
)5
(1+ 5e2), (24)
where the terms till e2 are taken, and 〈X〉t denotes the time average of X . Then, we have
〈ψD〉ϕ,t =−
GMs
a
[
1+
1
4
(1− 3sin2β)
(
1+
3
2
e2
)(
R
a
)2
+
3
4
eδ(3− 5sin2β)sinβ sin φA
(
R
a
)3
+
+
3
8
(
1− 5cos2β+
35
8
cos4β
)
(1+ 5e2)
(
R
a
)4
+ ...
]
. (25)
This expression for 〈ψD〉ϕ,t shows that
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−
(
∂
∂r
〈ψD〉ϕ,t
)
z=0
=
GMs
2a3
[(
1+
3
2
e2
)
+
9
8
(1+ 5e2)
(
r
a
)2]
r, (26)
where (X)z=0 denotes the value of X on the equator (z = 0). Hence, the force balance in the
radial direction on the equator, −GM/r2− (∂〈ψD〉ϕ,t/∂r)z=0+Ω
2r = 0, leads to
Ω2 = Ω2K−
GMs
2a3
[(
1+
3
2
e2
)
+
9
8
(1+ 5e2)
(
r
a
)2]
, (27)
where Ω2K = GM/r
3 and Ω is the angular velocity of disk rotation on the equatorial plane.
Taking the terms resulting from the secondary to be small, we derive κ2[≡ 2Ω(2Ω+ rdΩ/dr)]
in the form
κ2 = Ω2K−
2GMs
a3
[(
1+
3
2
e2
)
+
27
16
(1+ 5e2)
(
r
a
)2]
. (28)
This expression for κ leads to
Ω−κ =
3
4
qΩK
(
r
a
)3[(
1+
3
2
e2
)
+
15
8
(1+ 5e2)
(
r
a
)2]
, (29)
where q =Ms/M .
Next, we consider ∂〈ψD〉ϕ,t/∂z. Equation (25) gives
−
∂
∂z
〈ψD〉ϕ,t=
9
4
GMs
a2
eδ
(
r
a
)2
sin φA−
GMs
a3
[(
1+
3
2
e2
)
+
9
4
(1+5e2)
(
r
a
)2]
z+Ø
(
z
r
)2
.(30)
The second term on the right-hand side is proportional to z with a negative coefficient, bringing
about a vertical harmonic oscillation of a fluid element around the equator. In addition to this,
the gravitational potential of the primary star gives rise to a harmonic oscillation around the
equator, the square of the frequency being Ω2K. Hence, the square of the vertical epicyclic
frequency, Ω2⊥, is given by
Ω2⊥ = Ω
2
K+
GMs
a3
[(
1+
3
2
e2
)
+
9
4
(1+ 5e2)
(
r
a
)2]
. (31)
This equation gives
Ω−Ω⊥ =−
3
4
qΩK
(
r
a
)3[(
1+
3
2
e2
)
+
15
8
(1+ 5e2)
(
r
a
)2]
. (32)
Equations (27) and (32) show that Ω− κ and Ω−Ω⊥ are the same till the order of e
2 and
(r/a)2, except that they have opposite signs. In the order of (r/a)3, however, a difference
appears, although it is not shown here.
It should be noticed here that the first term on the right-hand side of equation (30) is
z-independent. This means that in the systems where the disk plane and the orbital plane are
misaligned (δ 6= 0), the disk cannot be maintained steadily in a misaligned state, unless the
orbit of the secondary is circular (e= 0) or the periastron of the orbit is just on the disk plane
(φA = 0). In other words, this may be related to the fact that the disk must be warped. The
first term on the right-hand side of equation (30) is proportional to (r/a)2, and is small in the
inner region of the disk. Hence, a deviation from a plane symmetric disk becomes prominent
in the outer part of disks [see Martin et al. (2011) concerning tidal warping].
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The final subject to be addressed in this appendix is to examine whether the time-
independent part of ψD, i.e., 〈ψD〉t, has a two-armed (mD =±2) and asymmetric (nD = 1) part
(with respect to the equatorial plane).6 The presence of such terms is necessary for the twin
low-frequency oscillations considered in this paper can have resonant interaction through disk
deformation.
The last term on the right-hand side of equation (14) shows that P2(cosϑ) has terms
proportinal to sin2ϕ or cos2ϕ, but they are plane-symmetric with respect to the equator. Hence,
they are not what we are looking for. The right-hand side of equation (15) show that P3(cosϑ)
has the terms which we are looking for, while P4(cosϑ) has no such terms. Consequently,
representing the terms proportional to sin2ϕ or cos2ϕ in ψD as (ψD)
2ϕ, we have, using equations
(17) and (16),
(ψD)
2ϕ =−
GMs
D
(
R
D
)315
8
δ sin β cos2β×
×
[(
−cos(3φ+3φA) + cos(φ+φA)
)
sin 2ϕ
+
(
sin(3φ+3φA)− sin(φ+φA)
)
cos 2ϕ
]
. (33)
The time-dependences of D and φ are given by equations (17) and (16), respectively.
Hence, expressing time-average of (ψD)
2ϕ by 〈(ψD)
2ϕ〉t, we have
〈(ψD)
2ϕ〉t =
GMs
a
(
r
a
)315
8
e δ sin β cos2β sin(φA− 2ϕ). (34)
This is proportional to z/r when z/r is small (nD = 1) (see the term of sin β). This means
that in the case of e 6= 0 and δ 6= 0, the disk deformation has a time-independent, two-armed
(mD = 2) deformation. This deformation can have resonant interaction with two low-frequency
disk oscillations considered in the text.
Appendix 2. Trapped Oscillations in Geometrically Thin Disks
The velocity induced by oscillations over pure rotation (0, rΩ(r), 0) is denoted by (ur,
uϕ, uz). The density and pressure perturbations over the unperturbed ones, ρ0 and p0, are
denoted by ρ1 and p1, respectively. These perturbed quantities are related by equation of
motion, equation of continuity, and adiabatic relation. By taking these perturbed quantities
to be proportional to exp[i(ωt−mϕ)], and combining the above equations, we have a set of
equations for ur and h1(≡ p1/ρ0) (see, e.g., Kato et al. 2008):
∂h1
∂r
−
2mΩ
r(ω−mΩ)
h1 =
(ω−mΩ)2−κ2
i(ω−mΩ)
ur, (35)
∂2h1
∂z2
−
z
H
∂h1
∂z
+
(ω−mΩ)2
c2s
h1
6 The presence of such terms has been shown in table 3 by Kato (2014b). See the cross point of the line of
(R/a)3 and the column of e1 in the table.
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= i(ω−mΩ)
[
∂ur
∂r
+
(
∂lnrρ0
∂r
+
mκ2
2rΩ(ω−mΩ)
)
ur
]
, (36)
where −m2/r2 has been neglected in comparison with (ω−mΩ)2/c2s , since geometrically thin
disks are considered. Ther set of equations (35) and (36) are simultaneous partial differential
equations with respect to h1 and ur. It is necessary to solve the above equations numerically
in order to know detailed behaviours of trapped oscillations. Here, however, we are satisfied by
solving them approximately.
Hereafter, we assume that the disk is vertically isothermal. Then, the partial derivative
∂ln(rρ0)/∂r in equation (36) is written as dln(rρ00)/dr+ (z/H)
2dlnH/dr, since in vertically
isothermal disks ρ0(r, z) is stratified as ρ0(r, z) = ρ00(r)exp(−z
2/2H2), H(r) being the half-
thickness of disks. The second term with (z/H)2 in the above expression for ∂ln(rρ0)/∂r brings
about mathematical complication in solving the above set of equations (35) and (36). Here, we
assume that the neglect of the term with (z/H)2 will not bring about no essential difference
in the final results concerning basic behaviour of trapped oscillations. Then, the above set of
equations (35) and (36) can be easily solved by reducing them to ordinary differential equations
by a method of separation of variables. The procedures are as follows. First, we derive a partial
differential equation for h1 by substituting equation (35) into equation (36) to eliminate ur. In
the equation, h1(r, z) is assumed to be separable as h1 = f(r)g(z;r), where g is a function of
z and depends only weakly on r. Then, by diviving the equation for h1 by f(r)g(z;r), we can
separate the equation into two parts, one of which is a function of r alone and the other part of
which is a function of z with a weak r-dependence. Hence, as is often made in discoseismology
(e.g., Ortega-Rodr´ıguez et al. 2008), by introducing a separation constant K(r), we have
d2g
dz2
−
z
H
dg
dz
+Kg = 0, (37)
and
(ω−mΩ)
[
d
dr
+
dlnrρ00
dr
+
mκ2
2rΩ(ω−mΩ)
][
(ω−mΩ)
(ω−mΩ)2−κ2
(
d
dr
−
2mΩ
r(ω−mΩ)
)]
f
+
[
(ω−mΩ)2
c2s
−K
]
f = 0. (38)
The boundary condition at infinity in the vertical direction (z = ±∞) requires that g(z) is
a Hermite polynomial and the separation constant K is n/H2. Here, n is zero or a positive
integer (Okazaki et al. 1987) and represents the node number of g in the vertical direction.
In the case of low-frequency oscillations in nearly Keplerian disks, mκ2/2rΩ(ω−mΩ) and
2mΩ/r(ω−mΩ) can be approximated to be, respectively, −1/2r and −2/r. Hence, assuming
that ρ00(r)∝ r
−β (β being constant), we can reduce equation (38) to
(ω−mΩ)r2+γ
∂
∂r
[
1
r2+γ
ω−mΩ
(ω−mΩ)2−κ2
∂
∂r
f˜
]
+
(ω−mΩ)2−nΩ2⊥
c2s
f˜ = 0, (39)
where f˜ ≡ f/r2, γ = β + 1/2, and Ω2⊥H
2 = c2s has been used. In the above equation, ω and
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m(= 1) in some terms have been retained so that their origins can be traced.
Now, we introduce a new variable, τ(r), defined by
τ(r) =
∫ r
ri
r2+γ
(ω−mΩ)2−κ2
(ω−mΩ)
dr, (40)
where ri is the inner edge of the propagation region of oscillations. Then, equation (39) is
reduced to a simple form:
d2f˜
dτ 2
+Q(τ)f˜ = 0, (41)
where
Q(τ) =
1
(r2+γ)2
(ω−mΩ)2−nΩ2⊥
(ω−mΩ)2−κ2
1
c2s
. (42)
It is noted that Q is positive in the propagation region of oscillations. That is, for the eccentric
one-armed oscillations with n = 0, Q is positive since (ω−mΩ)2− κ2 > 0 in their propgation
region, and for the tilt modes with n = 1 we have (ω−mΩ)2−Ω2⊥ > 0 (which leads to (ω−
mΩ)2−κ2 > 0) in their propagation region.
We solve equation (41) by the WKB approximation. In the case of tilt (m = 1 and
n= 1), the outer edge of the propagation region is the radius where Q becomes zero, i.e., it is a
turning point of Q. Hence, near the outer edge of the propagation region, i.e., rt (see figure 1),
we use the WKB solution for the region near a turning point (see Morse & Feshbach 1953). At
the inner edge of the propagation region we use, for simplicity, f˜ = 0 as a boundary condtion.
Then, the WKB solution gives as the trapping condition:
WT≡
∫ τ(rt)
τ(ri)
Q1/2dτ =
∫ rt
ri
[(ω−mΩ)2−nΩ2⊥]
1/2[(ω−mΩ)2−κ2]1/2
cs|ω−mΩ|
dr
= π
(
nr +
3
4
)
, (43)
where nr = 0,1,2, ... denotes the node number of h1 (or f1(r)) in the radial direction.
In the case of one-armed precession mode, the inner edge of the propagation region, i.e.,
the capture radius, rc (see figure 1), is not a turning point unlike the case of the tilt mode, if
it is measured by τ (not r). Rather, it is a point where Q(τ) becomes infinite [see equation
(42)]. Inside of τ = 0, Q becomes infinity with minus sigh. Hence, it might be better to adopt
an standard WKB solution:
h1 ∼
1
Q1/4
exp
[
± i
∫
Q1/2dτ
]
. (44)
We adopt h1 = 0 at τ = 0 as the inner boundary condition and, for simplicity, h1 = 0 at the
outer edge of the disk, i.e., rD. Then, the trapping condition may be written as
WE≡
∫ τ(rt)
0
Q1/2dτ =
∫ rD
rc
[(ω−mΩ)2−κ2]1/2
cs
dr
= π
(
nr +
1
2
)
. (45)
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Here, nr = 0,1,2, ... is the node number in the radial direction.
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